A necessary and sufficient condition for Pauli's spin-statistics relation is given for nonrelativistic anyons, bosons, and fermions in two and three spatial dimensions. It can be considered as a quantum counterpart of the fact that in classical mechanics, the total angular momentum of two indistinguishable particles with respect to their center of mass is twice the total angular momentum of each of the two particles.
Unruh effect [14] (cf. also [13] ) or from a special form of PCT-symmetry following, as shown in [14] , from the Unruh effect [17] . Using an argument given in [4] , one can further improve the result of [17] : the homogeneous part of the symmetry group does not need to be the universal covering of the restricted Lorentz group; it suffices to have the universal covering of the rotation group as symmetry group [6] . The strategy used in [14, 17] has also led to spinstatistics theorems for anyons and plektons in two spatial dimensions [20, 22] and to a first approach to the spin-statistics relation on curved spacetimes [15] . A more general spin-statistics theorem for curved spacetimes can be found in [29] .
Another approach to the spin-statistics connection is purely classical ( [26, 27] , cf. also [1] ). It provides an illustration of some crucial steps in the quantum field theory proofs (cf. also the remarks made in [28] ) rather than a derivation from first principles.
There have also been attempts to derive the spin-statistics connection in the setting of nonrelativistic quantum mechanics. But all arguments suggested so far turned out to be based on too restrictive assumptions, or they have been falsified by counterexamples (cf. the discussions and references in [10, 9, 30] ). It has been shown in [3] that this also holds for the recent attempt by Berry and Robbins [2] .
It is well known that quantum mechanics as such admits -like quantum field theory, see [24] -systems violating the spin-statistics connection: the easiest examples are spinless fermions, i.e., single-component wavefunctions that are antisymmetric under particle exchange, and second-quantized counterexamples are also easy to find, as the irreducible representation of SU(2) generated by the Pauli matrices can act on both even and odd spinor wave functions (cf. also [31] ). So each derivation of the spin-statistics connection must rely on some additional assumption ruling out these counterexamples.
In this Letter, we consider nonrelativistic anyons, bosons, and fermions in two or three spatial dimensions and give a necessary and sufficient condition for the connection between such a particle's spin µ and its statistics phase κ ∈ S 1 , which Pauli discovered to be e 2πiµ = κ. For a theory with nonabelian statistics, some additional structure (e.g., a Markov trace) is needed to define a statistics phase and, hence, to make the problem of finding a spin-statistics connection well posed. The issue whether and how the subsequent argument can be generalized to this case will be left open here.
As µ and κ characterize all states of an arbitrary number of particles of a given species, it is sufficient to confine the discussion to one-particle and two-particle states where the z-components of all particle spins involved equal a fixed real number µ. For spin-half fermions, e.g., the corresponding one-particle states are spin up states, whereas the corresponding two-particle states are the triplet states with M = 1, whose spin wave function is | ↑↑ = |1, 1 .
Evidently, the spaces of these states are not invariant under most time evolutions, but this does not affect the subsequent discussion, as it is purely kinematical: no Hamiltonian is specified, and the free Hamiltonian, which one may use to specify the particle mass, does commute with spin. Now first consider the case of two spatial dimensions, and assume the spinstatistics connection to hold. Rotating the two particles clockwise around their center of mass by an angle 2π has the same effect as twice exchanging these particles clockwise, so a statistics phase κ 2 and, by the spin-statistics connection, a spin in the set 2µ + can be assigned to the relative motion. On the other hand, the exchange of two (indistinguishable) pairs of (indistinguishable) particles yields a braid diagram with four crossings, so the statistics phase of a two-particle system is κ 4 , and by the spin-statistics relation, the two-particle system's total spin is in 4µ + ; cf. also [12] . It follows that one can assign a spin in the set 4µ − 2µ + = 2µ + to the center of mass motion.
1 That is, the spin of the relative motion of the two-particle system is (modulo 1) twice that of each of the particles.
While these two quantities do not need to coincide modulo 2, it turns out that it is a both necessary and sufficient condition for the spin-statistics connection that the operators representing the total (i.e., spin plus orbital) angular momenta of the two-particle system with respect to its center of mass on the one hand and the total angular momentum of a single particle on the other are unitary equivalent. For three spatial dimensions, the condition is that the corresponding operators are unitary equivalent when restricted to the wave functions that are even in their z-varables. Note that in classical mechanics, the center of mass angular momentum of two indistinguishable particles is twice the angular momentum of each of the two particles with respect to the center of mass; our condition can be considered as a quantum counterpart of this fact.
In order to make this more concrete, some notation and preliminaries are needed. The space of pure states of n indistinguishable Bose-Fermi particles can be defined by imposing either symmetry or antisymmetry under particle exchange on a wave function in L 2 (Ê sn ); alternatively, one may first reduce the classical configuration space by identifying indistinguishable configurations, and then consider all wave functions on this space. Both strategies are well known and equivalent, but the latter is more convenient for our purposes, as its generalization to anyons in two spatial dimensions is more straightforward. It will be used in what follows.
Following Laidlaw and DeWitt [18] , the configuration space of n distinguishable particles in Ê s is described by the set Y (n, s) of all n-tuples of s-vectors no two of which coincide:
An action of the symmetric group S n on this space is defined by
The orbits of S n in Y (n, s) yield the configuration space X(n, s) := Y (n, s)/S n of n indistinguishable particles. It is straightforward to endow X(n, s) with the structure of a pathwise connected topological space for s ≥ 2 whose fundamental group is S n for s = 3 and the braid group B n for s = 2. The fact that there are only two scalar unitary representations of S n implies the Bose-Fermi alternative for s = 3 [18] , in two spatial dimensions, arbitrary fractional statistics can occur as well [19] .
For n = 1, one has X(1, s) = Ê s , and a pure state of one particle whose z-component of spin equals µ can be described by a one-component wave function on Ê s (for s = 3, the other spinor components vanish). As usual, the z-component of the orbital angular momentum is described by the self-adjoint operator L z , and the total angular momentum operator is J z = L z + µ.
For n = 2, center of mass coordinates can be used to describe the configuration space of two indistinguishable particles as the cartesian product of Ê s and a relative coordinate space C [19] . For s = 2, C is the cone obtained (using planar polar coordinates) from the half plane
by identifying (r, −π/2) with (r, π/2) for each r > 0 and by removing the origin at r = 0. For s = 3, C is obtained (using spherical polar coordinates) from the half space
by identifying (r, π/2, z) with (r, −π/2, −z) for all r > 0 and all z ∈ Ê and by removing the origin at r = 0.
The pure-state space of two indistinguishable particles both having zcomponent of spin µ is canonically isomorphic with the space L 2 (Ê s × C), as all spinor components except one vanish. Any choice of the above coordinates induces an isomorphism from
The orbital angular momentum operator in
H) with respect to the system's center of mass is of the form 1 ⊗ ℓ z , where ℓ z is a selfadjoint operator in L 2 (H). On the test functions with compact support in the interior of H, the operator ℓ z coincides with the familiar differential operator −i∂ ϕ . But this hermitian differential operator possesses many self-adjoint extensions ℓ z leading to different unitaries R z := e iπℓz . As by definition, the orbital angular momentum operator generates a representation of the group of rotations around the z-axis, one has R 2 z = e 2πiℓz = 1. Now define P z Ψ(r, ϕ, z) = Ψ(r, ϕ, −z) (put P z = 1 for s = 2), and denote by  z := ℓ z + λ the total angular momentum with respect to the center of mass; λ ∈ Ê being the spin part of  z . But since κ = P z e iπz = e iπλ P z R z , and since R 
The proof uses two lemmas:
Lemma 2. For every integer ν with (−1)
Proof. The unitary operator U ν =: U defined by UΨ(r, ϕ) := e −νϕi Ψ(r, 2ϕ) (using planar polar coordinates) satisfies
Furthermore, given such a test function f and given any real number ϑ such that supp(A(· − ϑ)) ⊂ (−π/2, π/2), one finds that e iϑℓ f = R ⊗ A(· − ϑ) no matter which self-adjoint extension ℓ of −i∂ ϕ is used. One concludes from this that R uniquely determines the self-adjoint extension ℓ of −i∂ ϕ : namely, if Ψ is any test function in L 2 (H), then for each ϑ ∈ Ê and each ϕ ∈ (−π/2, π/2), there exists a unique n ∈ such that −π/2 ≤ ϕ − ϑ + nπ < π/2, and one can show that
So the operator R determines the unitary one-parameter group e ϑiℓ , ϑ ∈ Ê, generated by ℓ on the dense domain C ∞ 0 (H) and, by continuity, on all of L 2 (H), so by Stone's theorem, it determines the self-adjoint extension ℓ of the symmetric operator −i∂ ϕ as well.
But if R = (−1) ν , then 
Proof. By the reasoning used above, Condition (i) entails e 2πi·λ = e 2πi = e 2πi·2µ , so there exists a ν ∈ AE such that λ = 2µ + ν. In this case, Condition
(ii) holds if and only if e νπi = 1. Using this, the stated implications are straightforward to check: (i) and (ii) imply e πiℓ = e πi(−2µ−ν) = e −πνi = 1, (ii) and (iii) imply e πi = e πi(ℓ+2µ+ν) = Re π(2µ+ν)i = e 2πµi , and (i) and (iii) imply e πνi = e πi(−ℓ−2µ) = R = 1. Conversely, if the condition is assumed, then
For s = 3, the condition of Thm. 1 would lead to the contradiction
so it cannot hold as it stands. Given, on the other hand, the spin-statistics relation, the same reasoning shows that the condition must hold for the restrictions of the involved operators to one of the two eigenspaces H ± := {Ψ : P z Ψ = ±Ψ} of P z .
Theorem 4. The spin-statistics connection holds if and only if there exists a unitary operator
Proof. The condition is equivalent to e iπz P z Ψ = e iπz Ψ = e 2µi Ψ for all Ψ ∈ H + , and the rest of the proof is analogous to the proof of Thm. 1.
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It is instructive to see what the condition of Theorem 4 looks like when applied to spinless particles, and to see what is "wrong" with spinless fermions. To this end, consider two indistinguishable spinless particles with some attractive central interaction.
The parity of each bound state Ψ ∈ L 2 (H) is (−1) l , where l is the azimuthal quantum number. One has P z Ψ = (−1) l−m Ψ, where m is the magnetic quantum number. By the spin-statistics connection, l is even, and if P z Ψ = Ψ, the difference l − m is even as well, so m is even. U * Ψ is an eigenvector of L z with the integer eigenvalue m/2.
The two-body central force problem of spinless fermions, which are prohibited by the spin-statistics connection, admits odd azimuthal quantum numbers only, so in particular, l = 0 does not occur, and there exists no rotationally invariant bound state. So the particles must have some intrinsic property that breaks rotational invariance, as the central force problem as such is rotationally invariant. The spin-statistics connection implies that this symmetry breaking requires an appropriate agency, namely a nonzero spin.
